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$EVWUDFW6HFXUHTXDQWXPFRQIHUHQFLQJUHIHUVWRDSURWRFROZKHUHDQXPEHURIWUXVWHGXVHUVJHQHUDWHH[DFWO\WKHVDPHVHFUHW
NH\WRFRQILGHQWLDOO\EURDGFDVWSULYDWHPHVVDJHV%\DPRGLILFDWLRQRIWKHWHFKQLTXHVILUVWLQWURGXFHGLQDU;LYWKH
DXWKRUGHULYHVDVLQJOHOHWWHUXSSHUERXQG IRU WKHPD[LPDO UDWHVRI VHFXUHFRQIHUHQFLQJ LQDTXDQWXPQHWZRUNZLWKDUELWUDU\
WRSRORJ\ ZKHUH WKH XVHUV DUH DOORZHG WR SHUIRUP WKH PRVW SRZHUIXO ORFDO RSHUDWLRQV DVVLVWHG E\ WZRZD\ FODVVLFDO
FRPPXQLFDWLRQV DQG WKH TXDQWXP V\VWHPV DUH URXWHG DFFRUGLQJ WR WKH PRVW HIILFLHQW PXOWLSDWK IORRGLQJ VWUDWHJLHV 0RUH
SUHFLVHO\ WKH DXWKRU ERXQGV WKH XOWLPDWH UDWHV WKDW DUH DFKLHYDEOH E\ VLQJOHPHVVDJH PXOWLSOHPXOWLFDVW SURWRFROV ZKHUH 1
VHQGHUVGLVWULEXWH1LQGHSHQGHQWVHFUHWNH\VDQGHDFKNH\LVWREHVKDUHGZLWKDQHQVHPEOHRI0UHFHLYHUV
௑,,QWURGXFWLRQ
4XDQWXPLQIRUPDWLRQVFLHQFH>±@LVFXUUHQWO\EHLQJGHYHORSHGDW
DQXQSUHFHGHQWHGSDFHZLWKWKHILHOGRITXDQWXPNH\GLVWULEXWLRQ
4.' >±@ DOUHDG\ H[WHQGHG WR TXDQWXPVHFXUHG QHWZRUNV >@
DQG HYHQ VDWHOOLWH FRPPXQLFDWLRQV > @ /RQJWHUP SODQV WR
GHYHORS D IXOO\SXUSRVH TXDQWXP QHWZRUN RU µTXDQWXP LQWHUQHW¶
DUH DOVR FRQWHPSODWHG IURP ERWK D WKHRUHWLFDO DQG H[SHULPHQWDO
SRLQWRIYLHZ>±@%XLOGLQJTXDQWXPQHWZRUNVQRWRQO\KDVWKH
DGYDQWDJH RI FUHDWLQJ FRQQHFWLYLW\ DPRQJ PDQ\ XVHUV EXW DOVR
JLYHV WKH SRVVLELOLW\ WR RYHUFRPH WKH LQWULQVLF IXQGDPHQWDO
OLPLWDWLRQ LPSRVHG E\ WKH 3LUDQGROD±/DXUHQ]D±2WWDYLDQL±%DQFKL
3/2%ERXQG>@DFFRUGLQJ WRZKLFK WKHPD[LPXPQXPEHURI
TXDQWXP ELWV HQWDQJOHPHQW ELWV HELWV RU SULYDWHVHFUHW ELWV WKDW
FDQ EH WUDQVPLWWHG RU JHQHUDWHG DW WKH WZR HQGV RI D ORVV\
FRPPXQLFDWLRQFKDQQHOLVOLPLWHGWR−log2(1 − η)ELWVSHUFKDQQHO
XVH ZKHUH η LV WKH FKDQQHO
V WUDQVPLVVLYLW\ 7KLV OLPLW FDQ EH
DSSURDFKHG E\ SRLQWWRSRLQW FRQWLQXRXV YDULDEOH SURWRFROV EDVHG
RQWKHUHYHUVHFRKHUHQWLQIRUPDWLRQ>@DQGFDQEHEHDWHQE\
XVLQJVXLWDEO\UHOD\DVVLVWHG4.'SURWRFROVVXFKDV WKHUHFHQWO\
LQWURGXFHG WZLQILHOG 4.' >@ VHH DOVR UHODWHG H[SHULPHQWDO
UHDOLVDWLRQV > @ RU E\ UHVRUWLQJ WR HQWDQJOHPHQW GLVWLOODWLRQ
UHSHDWHUVEDVHGRQTXDQWXPPHPRULHV>±@
8VLQJ WHFKQLTXHV IURP FODVVLFDO QHWZRUN WKHRU\ >±@ DQG
WRROVPRUHUHFHQWO\GHYHORSHGLQTXDQWXPLQIRUPDWLRQWKHRU\>
±@ WKH DXWKRUV RI > @ HVWDEOLVKHG WLJKW ERXQGV DQG
FDSDFLWLHVIRUWKHUHSHDWHUDVVLVWHGTXDQWXPFRPPXQLFDWLRQVRYHU
UHSHDWHUFKDLQVDQGPRUHJHQHUDOQHWZRUNVFHQDULRV7KHVHUHVXOWV
ZHUH ILUVWGHYHORSHG IRU WKHXQLFDVWFDVHRID VLQJOH VHQGHUDQGD
VLQJOHUHFHLYHULQPXOWLKRSTXDQWXPQHWZRUNVDQGWKHQH[WHQGHG
>@WRPXOWLHQGFRQILJXUDWLRQVLQYROYLQJPXOWLSOHVHQGHUVDQG
UHFHLYHUV VXFK DV PXOWLSOH XQLFDVWV PXOWLFDVWV DQG PXOWLSOH
PXOWLFDVWV >@$OO WKHVHVFHQDULRVZHUHFRQVLGHUHG LQ WKHVHWWLQJ
RI PXOWLSOH LQGHSHQGHQW PHVVDJHV VR WKDW HDFK VHQGHU±UHFHLYHU
SDLUZDVDVVLJQHGDGLIIHUHQWNH\ZLWKUHVSHFWWRDQ\RWKHUSDLU
,QWKLVZRUNZHH[WHQGWKHPHWKRGRORJ\RI>±@WRWKHFDVH
RI VLQJOHPHVVDJH PXOWLFDVWV LH D VFHQDULR ZKHUH RQH RU PRUH
VHQGHUVDLPWRVKDUHH[DFWO\WKHVDPHVHFUHWNH\ZLWKDQHQVHPEOH
RI UHFHLYHUV LQDPXOWLKRSTXDQWXPQHWZRUN:KHQ WKHVHQGHU LV
RQO\RQHWKLVEHFRPHVDSURWRFRORIVHFXUHTXDQWXPFRQIHUHQFLQJ
LQ DQ DUELWUDU\ QHWZRUN WRSRORJ\ 8VLQJ WRROV RI QHWZRUN
VLPXODWLRQDQGVWUHWFKLQJ>@ZHFDQZULWHDJHQHUDOXSSHUERXQG
WR WKH VXP RI DOO WKH NH\ UDWHV WKDW WKH VHQGHUV FDQ RSWLPDOO\
DFKLHYHLQGLVWULEXWLQJWKHLUVHFUHWNH\VWRWKHGHVWLQDWLRQVHWRIWKH
UHFHLYHUV 7KLV ERXQG KDV D VLQJOHOHWWHU IRUP LQ WHUPV RI WKH
UHODWLYH HQWURS\ RI HQHWDQJOHPHQW 5(( DQG LQFOXGHV D
PLQLPLVDWLRQRYHUVXLWDEOHFXWVRIWKHQHWZRUN
,W LV LPSRUWDQW WR VWUHVV WKDW WKLV UHVXOW QRW RQO\ DSSOLHV WR
DUELWUDU\ QHWZRUN WRSRORJLHV EXW DOVR DUELWUDU\ GLPHQVLRQV RI WKH
+LOEHUW VSDFH ILQLWH RU LQILQLWH ,Q RWKHU ZRUGV ZH FRQVLGHU
TXDQWXP QHWZRUNV FRQQHFWHG E\ GLVFUHWHYDULDEOH TXDQWXP
FKDQQHOVEXWDOVRERVRQLFFKDQQHOV)ROORZLQJWKHPHWKRGVLQ>
  ±@ ZH FDQ LQ IDFW LQWURGXFH DV\PSWRWLF QRWLRQV RI
FKDQQHODQGQHWZRUNVLPXODWLRQWKDWDOORZVXVWRULJRURXVO\SURYH
UHVXOWVLQWKHLQILQLWHHQHUJ\OLPLW
7KH SDSHU LV RUJDQLVHG DV IROORZV ,Q 6HFWLRQ  ZH SURYLGH
SUHOLPLQDU\QRWLRQV IRUXQGHUVWDQGLQJ WKHEDVLF WKHRU\EHKLQG WKH
QH[W GHULYDWLRQ ,Q 6HFWLRQ  ZH VKRZ RXU UHVXOWV IRU WKH
GLVWULEXWLRQRIFRQIHUHQFLQJNH\VLQDTXDQWXPQHWZRUNH[WHQGLQJ
WKH QRWLRQ RI VLQJOHPHVVDJH PXOWLSOHPXOWLFDVW QHWZRUN WR WKH
TXDQWXPVHWWLQJ)LQDOO\6HFWLRQLVIRUFRQFOXVLRQV
௑3UHOLPLQDULHV
&KDQQHOVLPXODWLRQ
*LYHQDTXDQWXPFKDQQHOℰZHFDQVLPXODWHLWE\PHDQVRIORFDO
RSHUDWLRQV/2VDQGFODVVLFDOFRPPXQLFDWLRQ&&EULHIO\FDOOHG
/2&&VDSSOLHGWRWKHLQSXWVWDWHρDQGDUHVRXUFHVWDWHσ,QRWKHU
ZRUGVZHPD\ZULWHℰ(ρ) = T(ρ⊗ σ),QJHQHUDOWKLVVLPXODWLRQ
FDQ EH DV\PSWRWLF VR WKDW ℰ(ρ) = limμ Tμ(ρ⊗ σμ) IRU D
VHTXHQFHRI/2&&VTμDQGUHVRXUFHVWDWHVσμ7KHQDFKDQQHOLV
FDOOHG WHOHSRUWDWLRQFRYDULDQW LI LW LV FRYDULDQW ZLWK UHVSHFW WR WKH
FRUUHFWLRQXQLWDULHVUkRIWHOHSRUWDWLRQ>@LHILQLWHGLPHQVLRQDO
3DXOLRSHUDWRUV>@RUERVRQLFGLVSODFHPHQWV>@GHSHQGLQJ
RQWKHGLPHQVLRQRIWKH+LOEHUWVSDFH&KDQQHOℰLVWHOHSRUWDWLRQ
FRYDULDQWLIIRUDQ\UkZHKDYHℰ(UkρUk†) = Vkℰ(ρ)Vk†IRUXQLWDU\
Vk ,QSDUWLFXODU IRUVk = Ukℰ LV FDOOHG:H\OFRYDULDQW RU MXVW
3DXOLFRYDULDQWLIWKHGLPHQVLRQLVILQLWH,QGLVFUHWHYDULDEOHVIRU
D WHOHFRYDULDQW ℰ ZH PD\ ZULWH WKH VLPXODWLRQ
ℰ(ρ) = Ttele(ρ⊗ σℰ) ZKHUH Ttele LV WHOHSRUWDWLRQ DQG
σℰ := ℐ⊗ℰ(Φ)LVWKH&KRLPDWUL[RIWKHFKDQQHOKHUHΦGHQRWHV
D ILQLWHGLPHQVLRQDO PD[LPDOO\HQWDQJOHG VWDWH ,Q FRQWLQXRXV
YDULDEOHVZHZULWHℰ(ρ) = limμ Tteleμ (ρ⊗ σℰμ)ZKHUHTteleμ  LV WKH
%UDXQVWHLQ.LPEOH WHOHSRUWDWLRQ SURWRFRO EDVHG RQ D WZRPRGH
VTXHH]HG YDFXXP VWDWH Φμ ZLWK YDULDQFH SDUDPHWHU μ DQG
σℰ
μ := ℐ⊗ℰ(Φμ)LVDVHTXHQFHRITXDVL&KRLPDWULFHV
,(74XDQWXP&RPPXQ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\

(QWDQJOHPHQWPHDVXUHV
*LYHQ D VWDWH ρ LWV 5(( >±@ LV GHILQHG DV
ER(ρ) = infγ ∈ SEP S(ρ γ)ZKHUH6(3LVWKHVHWRIVHSDUDEOHVWDWHV
DQG S(ρ γ) := Tr ρ(log2 ρ − log2 γ)  LV WKH TXDQWXP UHODWLYH
HQWURS\ )RU DQ DV\PSWRWLF VWDWH σ := limμ σμ GHILQHG IURP D
VHTXHQFH {σμ} ZH H[WHQG WKH GHILQLWLRQ FRQVLGHULQJ
ER(σ) = lim infμ →∞ ER(σ
μ) VHH > @ IRU GHWDLOV 7\SLFDOO\
RQH LGHQWLILHVDVXLWDEOHVHTXHQFHRIVHSDUDEOHVWDWHVγμDQGZULWH
WKH XSSHU ERXQG ER(σ) ≤ lim infμ →∞ S(σμ γμ) 7KH 5(( KDV
LPSRUWDQW SURSHUWLHV )LUVW RI DOO LW LV PRQRWRQLF XQGHU WUDFH
SUHVHUYLQJ /2&&VΛ LH ZH KDYH WKH GDWD SURFHVVLQJ LQHTXDOLW\
ER Λ σ ≤ ER σ  6HFRQG LW LV VXEDGGLWLYH RYHU WHQVRU SURGXFWV
RI VWDWHV σ ⊗ n LH ZH KDYH ER σ ⊗ n ≤ nER σ  7KH 5(( LV DOVR
DV\PSWRWLFDOO\FRQWLQXRXVJLYHQWZRGGLPHQVLRQDOεFORVHVWDWHV
∥ ρ − σ ∥ ≤ εZHKDYH ER(ρ) − ER(σ) ≤ 4εlog2 d + 2H2(ε)ZKHUH
H2LVWKHELQDU\6KDQQRQHQWURS\
4XDQWXPQHWZRUNVIRUPDOLVPDQGVLPXODWLRQ
$TXDQWXPQHWZRUNN FDQEH UHSUHVHQWHGDVDQXQGLUHFWHG ILQLWH
JUDSK >@ N = (P,E) ZKHUH 3 UHSUHVHQW WKH VHW RI SRLQWV RU
QRGHV ZKLOH ( LV WKH VHW RI XQGLUHFWHG HGJHV :H DVVXPH WKDW
HYHU\ SRLQW 3 KDV D TXDQWXP UHJLVWHU p LH DQ HQVHPEOH RI
TXDQWXP V\VWHPV WKDW DUH XVHG IRU TXDQWXP FRPPXQLFDWLRQ DQG
ORFDOTXDQWXP LQIRUPDWLRQSURFHVVLQJ%HWZHHQ WZRSRLQWV x DQG
y WKHUH LV DQ HGJH (x, y) LI WKHUH LV D FRUUHVSRQGLQJ TXDQWXP
FKDQQHO ℰxy ,Q JHQHUDO ZH DVVXPH WKDW WKH FKDQQHO LV
ELGLUHFWLRQDO PHDQLQJ WKDW LW FDQ EH XVHG LQ IRUZDUG GLUHFWLRQ
x → yRUEDFNZDUG y → x)RU WZR ODEHOOHGSRLQWV pi DQG pjZH
PD\DOVRDGRSWWKHVLPSOHUQRWDWLRQℰi j := ℰpipj*LYHQWZRSRLQWV
a DQG b D FXWC:a b ZLWK UHVSHFW WR WKHVH SRLQWV LV D ELSDUWLWLRQ
(A,B)RI3VXFKWKDWa ∈ ADQGb ∈ B*LYHQDFXWLWVFXWVHWC~LV
GHILQHG E\ C~ = {(x, y) ∈ E : x ∈ A, y ∈ B} LH UHSUHVHQWV WKH
HQVHPEOHRI HGJHVDFURVV WKHELSDUWLWLRQ ,QJHQHUDO D FXW FDQEH
GHILQHGEHWZHHQPXOWLSOHSRLQWVLHZHPD\FRQVLGHUC:{ai} {bj}
IRU i = 1,N DQG j = 1,M 7KLV PHDQV WKDW WKH ELSDUWLWLRQ LV VXFK
WKDWai ∈ ADQGbj ∈ BIRUDQ\LDQGM
*LYHQ D QHWZRUNN ZH PD\ FRQVLGHU LWV VLPXODWLRQ > @
7KLVPHDQVWKDWIRUDQ\HGJH(x, y)WKHTXDQWXPFKDQQHOℰxyFDQ
EHUHSODFHGE\DVLPXODWLRQSxy = (Txy, σxy)ZKHUHDQ/2&&Txy
LVDSSOLHGWRDUHVRXUFHVWDWHσxyVRWKDWℰxy(ρ) = Txy(ρ⊗ σxy)IRU
DQ\ LQSXW VWDWH 0RUH JHQHUDOO\ WKLV PD\ EH DQ DV\PSWRWLF
VLPXODWLRQℰxy(ρ) = limμ Txyμ (ρ⊗ σxyμ )ZLWKVHTXHQFHVRI/2&&V
Txy
μ DQGUHVRXUFHVWDWHVσxyμ 7KHUHIRUHZHPD\GHILQHWKH/2&&
VLPXODWLRQ RI WKH HQWLUH QHWZRUN S(N) = {Sxy}(x, y) ∈ E DQG D
FRUUHVSRQGLQJ UHVRXUFH UHSUHVHQWDWLRQσ(N) = {σxy}(x, y) ∈ EZKHUH
σxy PD\ EH DV\PSWRWLF LH GHILQHG E\ σxy = limμ σxyμ  ,Q
SDUWLFXODUIRUDQHWZRUNZLWKWHOHSRUWDWLRQFRYDULDQWFKDQQHOVZH
PD\ XVH WHOHSRUWDWLRQ /2&&V DQG WKH &KRL UHSUHVHQWDWLRQ
σ(N) = {σℰxy}(x, y) ∈ E
௑0XOWLFDVWVRIFRQIHUHQFLQJNH\V
:H FRQVLGHU WKH PRGHO RI VLQJOHPHVVDJH PXOWLSOHPXOWLFDVW
QHWZRUN LQ WKH TXDQWXP VHWWLQJ +HUH ZH KDYH 1 VHQGHUV
{ai}i = 1
N = {a1,…, ai,…, aN} DQG 0 UHFHLYHUV
{bj} j = 1
M = {b1,…, bj,…, bM}(DFKVHQGHUaiDLPVDWJHQHUDWLQJWKH
VDPHFRQIHUHQFLQJVHFUHWNH\KiZLWKDOOWKH0UHFHLYHUV'LIIHUHQW
VHQGHUV GLVWULEXWH GLIIHUHQW NH\V WR WKH HQVHPEOH RI UHFHLYHUV VR
WKDW ZH KDYH D WRWDO RI 1 NH\V ,Q JHQHUDO ZH DVVXPH WKDW HDFK
SRLQWRI WKHQHWZRUNFDQSHUIRUPDUELWUDU\/2VRQ WKHLU UHJLVWHUV
DVVLVWHGE\WZRZD\&&VZLWKDOO WKHRWKHUSRLQWVRIWKHQHWZRUN
7KHVHDGDSWLYH/2&&VFDQEHSHUIRUPHGEHIRUHDQGDIWHUHDFKXVH
RI HDFK FKDQQHO LQ WKH QHWZRUN :H DOVR DVVXPH WKDW WKH JOREDO
GLVWULEXWLRQ RI WKH 1 NH\V LV SHUIRUPHG DVVXPLQJ D PXOWLSDWK
IORRGLQJ >@ SURWRFROP ZKHUH HDFK FKDQQHO RI WKH QHWZRUN LV
DFWLYHO\H[SORLWHGE\ WKHSDUWLHV IRU HDFKXVHRI WKHQHWZRUN VHH
>±@IRUPRUHGHWDLOVRQWKHVHJHQHUDOSURWRFROV
0RUHSUHFLVHO\WKHDLPRIWKHLWKVHQGHULVWRVKDUHFRSLHVRID
PXOWLSDUWLWH SULYDWH VWDWHϕai{bj} ZLWK WKH GHVWLQDWLRQ VHW RI WKH 0
UHFHLYHUV 7KLV VWDWH LV D GLUHFW JHQHUDOLVDWLRQ RI D *+= VWDWH
( 0 ⊗ (M + 1) + 1 ⊗ (M + 1)/ 2 WR LQFOXGH DQ DGGLWLRQDO VKLHOG V\VWHP
>@DQGJHQHUDWHVRQHSULYDWHELWVKDUHGEHWZHHQWKHVHQGHUDQG
DOOWKHUHFHLYHUV$IWHUQXVHVRIWKHQHWZRUNWKH1VHQGHUVDQG0
UHFHLYHUVZLOOVKDUHDJOREDORXWSXWVWDWHρ{ai}{bj}n ZKLFKLVεFORVHWR
WKHWDUJHWVWDWH
ϕ := ⊗
i = 1
N
ϕai{bj}
⊗ nRi
ε, n
, 
ZKHUHnRiε,n LV WKHQXPEHURIFRSLHVGLVWULEXWHGE\ WKH LWK VHQGHU
%\ WDNLQJ WKH OLPLW RI ODUJH Q VPDOO ε DQG RSWLPLVLQJ RYHU DOO
SURWRFROVPRQHGHILQHVWKHFDSDFLW\UHJLRQIRUWKHDFKLHYDEOHNH\
UDWHV{Ri}:HFDQWKHQSURYHRXUPDLQUHVXOW
(?
7KHRUHP  6LQJOHPHVVDJH PXOWLSOH PXOWLFDVWV /HW XV
FRQVLGHU D TXDQWXP QHWZRUN N = (P,E) ZLWK UHVRXUFH
UHSUHVHQWDWLRQ σ(N) = {σxy}(x, y) ∈ E ZKLFK PD\ EH D &KRL
UHSUHVHQWDWLRQ IRU D WHOHSRUWDWLRQFRYDULDQWN &RQVLGHU WKH PRVW
JHQHUDOPXOWLSOHPXOWLFDVWSURWRFROZKHUHWKHLWKRI1VHQGHUV{ai}
GLVWULEXWHVDQ LQGHSHQGHQWNH\ WRDGHVWLQDWLRQ VHWRI0 UHFHLYHUV
{bj}DWWKHUDWHRi7KHQZHKDYHWKHIROORZLQJRXWHUERXQGIRUWKH
FDSDFLW\UHJLRQ
∑
i = 1
N
Ri ≤ min
C:{ai} {bj}
ER
m(C), 
ZKHUHERm(C)LVWKHPXOWLHGJHIORZRI5((WKURXJKFXW&GHILQHG
E\
ER
m(C) := ∑
(x, y) ∈ C
~
ER(σxy), 
ZKLFKLVLPSOLFLWO\H[WHQGHGWRDV\PSWRWLFVLPXODWLRQV
(?
3URRI&RQVLGHUDQDUELWUDU\FXWRIWKHW\SHC:{ai} {bj}:LWK
UHVSHFW WR WKLVELSDUWLWLRQZHPD\ZULWH WKHGLVWLOODEOHNH\KD RI
WKHWDUJHWVWDWHDQGZULWH
KD({ai} {bj})ϕ = n∑
i = 1
N
Ri
ε,n
≤
(i)
ER({ai} {bj})ϕ
≤
(ii)
ER({ai} {bj})ρn + δ(ε, d),

ZKHUHZHXVHLWKHIDFWWKDWWKHGLVWLOODEOHNH\RIDVWDWHLVXSSHU
ERXQGHGE\ LWV5((>@DQGLL WKHFRQWLQXLW\RI WKH5((ZLWK
UHVSHFWWRWKHVWDWHV∥ ρ − ϕ ∥ ≤ εZKHUHρ := ρ{ai}{bj}n LVWKHRXWSXW
VWDWHDQGϕLVWKHWDUJHWVWDWH,QWKHHUURUWHUPδ(ε, d)GHSHQGV
RQWKHεFORVHQHVVDQGWKHGLPHQVLRQGRIWKHWDUJHWSULYDWHVWDWHϕ
0RUHLQGHWDLOWKLVHUURUWHUPLVδ(ε, d) = 4εlog2 d + 2H2(ε)ZKHUH
H2(ε) := − εlog2(ε) − (1 − ε)log2(1 − ε) DQG WKH GLPHQVLRQ RI WKH
SULYDWHVWDWHJURZVDWPRVWH[SRQHQWLDOO\LQQLHd ≤ 2αnnZKHUH
αnWHQGVWRDILQLWHFRQVWDQW7KLVLVSURYHQLQ>@IRUGLVFUHWH
YDULDEOH V\VWHPV DQG >@ IRU ERWK GLVFUHWH DQG FRQWLQXRXV
YDULDEOH V\VWHPV VHH DOVR >@ 7KHUHIRUH ZH PD\ ZULWH
δ(ε, d)/n ≤ 4εαn + 2H2(ε)/n %\ WDNLQJ WKH OLPLW IRU ODUJH Q DQG
VPDOOεZHDNFRQYHUVHOLPLWWKHULJKWKDQGVLGHJRHVWR]HURDQG
ZH FDQ QHJOHFWδ(ε, d)/n 7KHUHIRUH E\ WDNLQJ WKH ZHDN FRQYHUVH
OLPLWLQZHILQG
,(74XDQWXP&RPPXQ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\

lim
ε, n
∑
i = 1
N
Ri
ε,n ≤ lim
n → ∞
n
−1
ER({ai} {bj})ρn . 
7KH QH[W LQJUHGLHQW LV WKH VLPXODWLRQ RI WKH QHWZRUN *LYHQ D
VLPXODWLRQ S(N) = {Sxy}(x, y) ∈ E ZLWK UHVRXUFH UHSUHVHQWDWLRQ
σ(N) = {σxy}(x, y) ∈ E ZKHUH ZH LPSOLFLWO\ LQFOXGH DV\PSWRWLF
VWDWHVZHPD\ µVWUHWFK¶DQ\DGDSWLYHSURWRFRO LPSOHPHQWHGRYHU
WKHQHWZRUNXVLQJWKHWRROVRI>@DQGZULWHWKHRXWSXWVWDWHLQ
WKHEORFNIRUP
ρ{ai}{bj}
n = Λ¯ ⊗
(x, y) ∈ E
σxy
⊗ n , 
ZKHUHΛ¯ LVDWUDFHSUHVHUYLQJ/2&&%\DGRSWLQJDQDUELWUDU\FXW
RIWKHW\SHC:{ai} {bj}ZHFDQUHGXFHWKLVGHFRPSRVLWLRQLQWRWKH
IROORZLQJ
ρ{ai}{bj}
n (C) = Λ¯ C ⊗
(x, y) ∈ C
~
σxy
⊗ n , 
ZKHUHΛ¯ CLVQRZORFDOZLWKUHVSHFWWRWKHELSDUWLWLRQLQWURGXFHGE\
WKH FXW & 7KLV GHFRPSRVLWLRQ LV LPSOLFLWO\ DVVXPHG WR EH
DV\PSWRWLFLQWKHSUHVHQFHRIDV\PSWRWLFUHVRXUFHVWDWHVLQZKLFK
FDVHLWEHFRPHVRIWKHIROORZLQJW\SH
ρ{ai}{bj}
n (C) = lim
μ
Λ¯ C
μ
⊗
(x, y) ∈ C
~
σxy
μ⊗ n , 
IRUVHTXHQFHVRI/2&&VΛ¯ Cμ DQGUHVRXUFHVWDWHVσxyμ 
%\UHSODFLQJLQZHPD\H[SORLWWKHPRQRWRQLFLW\RIWKH
5((XQGHUWUDFHSUHVHUYLQJ/2&&VDQGZULWH
lim
ε, n
∑
i = 1
N
Ri
ε,n ≤ ER
m(C) . 
7KHQ LI ZH PLQLPLVH RYHU DOO SRVVLEOH FXWV RI WKH W\SH
C:{ai} {bj}ZHPD\ZULWHWKHIROORZLQJERXQGIRUWKHDV\PSWRWLF
UDWHV
∑
i = 1
N
Ri ≤ min
C:{ai} {bj}
ER
m(C), 
ZKLFKFRQFOXGHVWKHSURRIƑ
6RPHFRQVLGHUDWLRQV DUH LQ RUGHU)LUVW RI DOO OHW XV QRWH WKDW
IRU D GLVWLOODEOH QHWZRUN LH D QHWZRUN FRQQHFWHG E\ GLVWLOODEOH
FKDQQHOV >@ VXFK DV SXUHORVV FKDQQHOV TXDQWXPOLPLWHG
DPSOLILHUV GHSKDVLQJ DQG HUDVXUH FKDQQHOV ZH KDYH D
VLPSOLILFDWLRQRIWKHERXQG$GLVWLOODEOHFKDQQHOℰLVDSDUWLFXODU
WHOHSRUWDWLRQFRYDULDQW FKDQQHO ZKRVH VHFUHWNH\ FDSDFLW\ K LV
HTXDO WR WKH 5(( RI LWV &KRL PDWUL[ LH K(ℰ) = ER(σℰ)
7KHUHIRUHIRUDGLVWLOODEOHQHWZRUNZLWKFKDQQHOVℰxyIRUDQ\FXW
&ZHPD\ZULWH
ER
m(C) = ∑
(x, y) ∈ C
~
ER(σℰxy) 
= ∑
(x, y) ∈ C
~
K(ℰxy) :=K
m(C), 
ZKHUHKm(C) LV WKH PXOWLHGJH VHFUHWNH\ FDSDFLW\ RI WKH FXW &
>@
7KHQ FRQVLGHU WKH FDVH RI D VLQJOH VHQGHU (N = 1) WKDW ZH
GHQRWH E\ a 7KLV LV WKH PRVW EDVLF VFHQDULR IRU TXDQWXP
FRQIHUHQFLQJLQDPXOWLKRSTXDQWXPQHWZRUN:HFDQVHHWKDWWKH
ERXQGLQVLPSOLILHVWR
R ≤ min
C:a {bj}
ER
m(C), 
ZKHUH 5 LV WKH PD[LPXP DFKLHYDEOH UDWH :KLOH WKLV ERXQG LV
JHQHUDOO\ ODUJH WKHUH DUH QHWZRUN FRQILJXUDWLRQV ZKHUH LW LV
VXIILFLHQWO\WLJKW)RULQVWDQFHFRQVLGHUWKHFDVHZKHUHWKHVHQGHU
ZDQWVWRJHQHUDWHDFRQIHUHQFLQJNH\ZLWKWKHGHVWLQDWLRQVHWEXWLW
LVOLPLWHGWRFRQQHFWWRDQLQWHUPHGLDWHURXWHUQRGHrYLDDTXDQWXP
FKDQQHOℰar7KHQLWLVLPPHGLDWHWRVHHWKDWWKHFRQIHUHQFLQJNH\
PXVWVDWLVI\R ≤ ER(σar)ZKHUHσarLVWKHUHVRXUFHVWDWHDVVRFLDWHG
ZLWK WKH VLPXODWLRQ RIℰar ,I WKH FKDQQHO LV GLVWLOODEOH ZH WKHQ
KDYH R ≤ K(ℰar) )RU LQVWDQFH LI LW LV D SXUHORVV FKDQQHO ZLWK
WUDQVPLVVLYLW\ η ZH ILQG R ≤ − log2(1 − η) LH WKH UDWH RI WKH
FRQIHUHQFLQJNH\FDQQRWEHDWWKH3/2%ERXQG>@
௑&RQFOXVLRQV
,Q WKLVZRUNZHKDYHVWXGLHG WKHXOWLPDWHFRQIHUHQFLQJNH\UDWHV
WKDW DUH DFKLHYDEOH LQ D PXOWLKRS TXDQWXP FRPPXQLFDWLRQ
QHWZRUN :H KDYH FRQVLGHUHG WKH JHQHUDO VFHQDULR RI VLQJOH
PHVVDJH PXOWLSOHPXOWLFDVW SURWRFROV ZKHUH 1 VHQGHUV
FRPPXQLFDWHZLWKDGHVWLQDWLRQVHWRI0UHFHLYHUVDQGHDFKRIWKH
VHQGHU DLPV DW JHQHUDWLQJ WKH VDPH VHFUHW NH\ ZLWK WKH HQWLUH
GHVWLQDWLRQVHW7KLVJHQHUDOFDVHFDQDOVREHVHHQDVDSURWRFROIRU
WKHVLPXOWDQHRXVJHQHUDWLRQRI1FRQIHUHQFLQJNH\VVKDUHGE\WKH
0 UHFHLYHUV )RU N = 1 WKLV UHGXFHV WR WKH EDVLF FRQILJXUDWLRQ
FRQVLGHUHGLQWKHOLWHUDWXUH>@
2XU UHVXOWV DUH KHDYLO\ EDVHG RQ WKH WRROV DQG QRWLRQV
HVWDEOLVKHGLQ>±@IRUTXDQWXPQHWZRUNVDQG>@IRUSRLQWWR
SRLQWFRPPXQLFDWLRQV,QSDUWLFXODUZHH[SORLWWKHVLPXODWLRQDQG
VWUHWFKLQJWHFKQLTXHVGHYHORSHGLQWKHVHSUHYLRXVZRUNVWRUHGXFH
WKHPRVWJHQHUDODGDSWLYHSURWRFROVLQWRDEORFNIRUPVRWKDWZH
FDQ GHULYH D VLQJOHOHWWHU XSSHU ERXQG IRU WKH FDSDFLW\ UHJLRQ LQ
WHUPVRI WKH5(()XUWKHUPRUH RXU UHVXOWV GRQRW GHSHQGRQ WKH
GLPHQVLRQ RI WKH +LOEHUW VSDFH LQ WKH VHQVH WKDW WKH\ DSSO\ WR
TXDQWXPFRQIHUHQFLQJVFKHPHVLQTXDQWXPQHWZRUNVFRQQHFWHGE\
'9RU&9TXDQWXPFKDQQHOV
௑$FNQRZOHGJPHQWV
7KLV ZRUN KDV EHHQ VXSSRUWHG E\ WKH (XURSHDQ 8QLRQ YLD WKH
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